The outstanding performance of cerium oxide (CeO 2 ) as ion conductor or catalyst strongly depends on the ease of Ce Oxygen vacancies are double donors and can bind up to two small polarons, forming a positively charged or neutral complex. We compute the electron self-trapping energy (i.e., energy gain when forming a small polaron), the small-polaron migration barrier, vacancy formation and migration energies, and vacancy-polaron binding energies. We find that small polarons weakly bind to oxygen vacancies, yet this interaction significantly contributes to the activation energy for hopping electronic conductivity.
formation. An accurate description of Ce 3+ and oxygen vacancy is therefore essential to further progress in this area. Using the HSE06 hybrid functional, we investigate the formation and migration of small polarons (Ce
3+
) and their interaction with oxygen vacancies in CeO 2 , considering the small polaron and vacancy as independent entities.
Oxygen vacancies are double donors and can bind up to two small polarons, forming a positively charged or neutral complex. We compute the electron self-trapping energy (i.e., energy gain when forming a small polaron), the small-polaron migration barrier, vacancy formation and migration energies, and vacancy-polaron binding energies. We find that small polarons weakly bind to oxygen vacancies, yet this interaction significantly contributes to the activation energy for hopping electronic conductivity.
The results are compared with previous calculations and discussed in the light of available experimental data. Introduction
Cerium oxide (CeO 2 ) is a technologically important material, with applications ranging from catalysis in automotive exhaust [1] [2] [3] [4] [5] , solid-oxide fuel cells [6, 7] , and water-gas shift reactions [8, 9] . The outstanding functionality of CeO 2 in these applications is largely due to its great oxygen storage/release capability (OSC). The OSC of CeO 2 is in turn closely related to the oxygen-vacancy formation and, ultimately, to the reduction into nonstoichiometric CeO 2-x phases as oxygen is released [10] [11] [12] [13] [14] [15] . Such reaction is totally reversible and repeatable, making CeO 2 an oxygen holder or oxygen pumper, depending on the oxygen content in the environment. When an oxygen vacancy is formed in CeO 2 , two electrons are left behind; instead of behaving as delocalized electrons in the conduction band or occupying a defect-related state, these excess electrons prefer to localize on Ce atoms neighboring the vacancy, as small polarons (Ce   3+ ) [10, 15, 16] . These small polarons can escape from the oxygen vacancy and contribute to the electronic conductivity of CeO 2 [17] . Therefore, to further the development of CeO 2 in energy-related applications that depend on catalytic or OSC properties, it is essential to develop a deeper understanding and quantitative description of the behavior of the oxygen vacancy, the small polaron, and their interactions.
CeO 2 is an insulator with a large band gap [19] [20] [21] [22] [23] . The electronic structure of CeO 2 has been probed by different experimental techniques, including valence x-ray photoemission spectroscopy (XPS) [19] [20] [21] [22] , O 1s x-ray absorption spectroscopy (XAS) [20] , electron energy loss spectroscopy (EELS) [20, 21] , and optical reflectance (OR) [23] . The valence band, composed of O 2p states is separated by a gap of ~3 eV from a quite narrow unoccupied band composed of Ce 4f states. This unoccupied and narrow 4f band is in turn separated by ~2 eV from a much more dispersive band composed of Ce 5d states, as shown in Fig. 1 therefore, a balance between the electronic energy gain due to bringing down an occupied level in the gap, well below the Ce 4f band, and the lattice energy penalty due to the local structural relaxation and distortion.
The electronic conductivity in CeO 2 is thermally activated and occurs via hoping of small polarons [17] rather than through delocalized electrons in the conduction band. On the other hand, the ionic conductivity, that typically dominates the charge transport at high temperatures, has been attributed to the migration of ionized oxygen vacancies [24] . Reported experimental values for the activation energy for electronic conductivity vary in a wide range [17, 25] . Tuller and Nowick [17] reported an activation energy of 0.40 eV, while Blumenthal et al. [25] reported lower values of 0.16 eV and 0.22 eV. For the migration of oxygen vacancies, experimental values for the motion energy vary from 0.49 eV to 0.61 eV [26, 27] . Reported activation energies for ionic conductivity are higher due to the contribution of the vacancy formation energy or vacancy-impurity binding energies. For comparison, results based on density functional theory (DFT) calculations for the oxygen-vacancy migration energy barrier vary from 0.46 eV to 1.08 eV [28] [29] [30] , depending on the approximation for the exchange-correlation functional and on the supercell size (vacancy concentration).
There have appeared numerous studies of bulk CeO 2 based on DFT calculations, many focusing on the oxygen vacancy [10] [11] [12] [13] [14] [15] [16] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] . DFT calculations using the local density approximation (LDA) or the generalized gradient approximation (GGA)
for the exchange-correlation term underestimate the separation between the top of the valence band (O 2p band) and the empty Ce 4f bands in CeO 2 by ~35 % [16, [31] [32] [33] .
For the oxygen vacancy in DFT-LDA or GGA, the excess electrons wind up occupying the narrow 4f band, erroneously leading to delocalized electrons due to the well-known self-interaction error [31] [32] [33] . The DFT+U method has also been employed to study the electronic properties of CeO 2 and the impact of oxygen vacancies [29, 30, [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] Finally, we discuss the activation energies for the electronic and ionic conductivities.
The results are compared to available experimental data.
II. Computational methods
Our calculations are based on DFT with projector-augmented wave (PAW) potentials [55] as implemented in the VASP code [56, 57] . PAW potentials with valence 5s 2 5p 6 5d 1 4f 1 6s 2 for Ce and 2s 2 2p 4 for O atoms were employed. In the DFT+U approach, we used the GGA-PBE exchange-correlation functional [58] , and the effective Hubbard U parameter [59] to describe the on-site Coulomb interactions for the Ce 4f states was set to 5.0 eV (U-J = 5.0 eV). This value for the U parameter was taken from the literature [33, 34] . In the HSE06 functional, 75% of the PBE exchange is combined with 25% of the non-local Hartree-Fock exchange, and the screening parameter that separates the exchange potential into short and long range parts was set 0.2 [46] .
For simulating an oxygen vacancy and a small polaron, a supercell of CeO 2 with 96 atoms was adopted, which is a 2×2×2 repetition of the 12-atom cubic unit cell.
Integrations over the Brillouin zone of the supercell were performed using the (1/4, 1/4, 1/4) special-k point for both the DFT+U and HSE06 functional calculations. The energy cutoff for the plane-wave basis was set to 400 eV in the DFT+U calculations.
Due to the computational cost, the plane-wave cutoff energy was set to 300 eV in the HSE06 calculations. Tests for the formation energy of the doubly ionized oxygen vacancy using cutoff of 400 eV in the HSE06 indicate that total energy differences are converged within less than 0.05 eV. We also performed tests using a 2×2×2 mesh using DFT+U to ensure convergence. The volume of the supercell was kept fixed during atomic relaxations, and the structures were relaxed until the force on each atom was lower than 0.01 eV/Å.
The self-trapping energy of an excess electron (E ST ), i.e., the energy gain when forming a small polaron (Ce 3+ ), is defined as
where E tot (polaron) is the total energy of the supercell containing a small polaron, i.e., an extra electron localized on an individual Ce atom (Ce   3+   ) , and E tot (deloclized) is the total energy of CeO 2 supercell with an extra electron in the narrow Ce 4f band.
The formation energy of an oxygen vacancy in charge state
by:
where
is the total energy of the supercell containing an oxygen vacancy in the charge state q, and E tot bulk is the total energy of perfect bulk CeO 2 using the same supercell. The calculated electronic band structures and density of states of bulk CeO 2 are shown in Fig. 1 and The HSE06 results are in better agreement with the experimental value of 3.3 eV for the O 2p-Ce 4f gap [19] . For the Ce 4f-Ce 5d separation, the experimental result of ~3.0 eV is less clear due to the large broadening of the signal. The experimental values were obtained using a combination of photoemission and inverse photoemission, as well as absorption spectroscopy [19] [20] [21] [22] . Table 2 . We note that these quantities are strongly dependent on the U parameter in the DFT+U calculation: the larger the U, the higher the electronic energy gain. The small polaron self-trapping energy is negative, indicating that localization is favorable over delocalization of the electron in the Ce 4f band. It also indicates that the electronic energy gain due to lowering an occupied state in the gap wins over the lattice energy penalty required to accommodate the localized electron. The calculated energy barrier for the small polaron migration is shown in Fig. 3 .
The saddle point in the migration path occurs at x=0.5, i.e., the saddle point configuration is the average of the initial and final configurations. Here the HSE06
and DFT+U give different results. In HSE06, the excess electron is gradually transferred from one Ce (Ce 1 ) to the neighboring Ce (Ce 2 ) as the fraction of final configuration increases, as in an adiabatic process [54] . At the saddle point, the electron is equally distributed among the two neighboring Ce atoms, with magnetic moments of 0.453 µ B and 0.460 µ B . The charge distribution of the excess electron at the initial, saddle point, and final configurations are shown in Fig. 4 . The calculated migration energy barrier is 0.12 eV and the energy versus x is a smooth curve. In contrast, in DFT+U, the excess electron remains localized on the initial atom for all x.
If we start the calculation from the final configuration, i.e., the electron localized on the second Ce (Ce 2 ), the electron remains localized on the second atom as x decreases from 1 to 0, as in a nonadiabatic process [54] . In the saddle-point configuration, the excess electron is localized in either the initial or final Ce, depending on if the calculation started from the initial or final configuration. The saddle point configuration in DFT+U is 0.23 eV higher in energy that the initial or final configurations. Since polarons lead to occupied states in the gap, we expect that light absorption excite the electrons from the polaronic states to either the conduction band (Ce 4f band) or to another polaronic state in a neighboring site. These two complementing processes are described as follows: One is the transition from the polaronic state in the gap to the delocalized state in the conduction band minimum (Ce 4f band) [62] , as shown in Fig. 5(a) . After that, the delocalized electron will likely become self-trapped again by emitting or absorbing phonons. The other is the transition between two localized states where in the initial configuration the electron is localized on a given Ce(Ce 1 ) site, and in the final configuration the electron is localized on a neighboring Ce (Ce 2 ) site [63] . This corresponds to the light-induced migration of the polaron, as shown in Fig. 5 
D. Oxygen vacancies
It is widely accepted that oxygen vacancies are easy to form in CeO 2 , and that vacancies have low migration barriers, leading to high ionic conductivities at high temperatures [26] [27] [28] [29] [30] . In contrast, DFT calculations often report oxygen-vacancy formation energies that are much too high, necessarily implying negligible concentrations. This uneasy discrepancy is due to a misleading comparison between theory and experiment. In fact, most of DFT results take the energy per atom of an isolated O 2 molecule as the reference for the oxygen reservoir, i.e., μ O = 0 in Eq. (2), which, in turn, corresponds to the oxygen-rich limit and therefore describes the highest formation energy for an oxygen vacancy. However, for a direct comparison with the experimental data, the minimum energy required to form an oxygen vacancy would be more appropriate, or equivalently, the maximum oxygen-vacancy The calculated formation energy for the oxygen vacancy in CeO 2 is shown in Fig.   6 for μ O =−3.37 eV (μ O =−2.00 eV in DFT+U) and μ O = 0 eV. First, we find that the oxygen vacancy is stable exclusively in the doubly ionized 2+ charge state (V O   2+ ).
Defect states associated with oxygen vacancy, i.e., dangling-bond states derived from Ce 5d, do not appear in the band gap; they are resonant in the conduction band, well above the unoccupied 4f bands. The two electrons that are donated by the vacancy would occupy the lowest lying 4f bands; however, due to the tendency of excess electrons in CeO 2 to form small polarons, we find that adding the electrons back to
] and neutral
] vacancy-polaron complexes. Namely, the excess electrons near the vacancy do not occupy defect-related states, which arise from the Ce-5d dangling bonds, but rather prefer to localize near the vacancy as small polarons 
E. Oxygen vacancy migration
The migration of oxygen vacancies is another important parameter that impacts the OSC, and determines the ionic conductivity of CeO 2 . Assuming an oxygen-vacancy mediated mechanism, the activation energy for ionic conductivity is
given by the formation energy and migration barrier of the oxygen vacancy.
Experimental study based on 17 We also neglect the effect of having polarons near the vacancy as previously studied [36] . At high temperatures typically used to measure ionic conductivity, polarons are likely to be unbound to the vacancies as discussed below. We employed the climbing-image nudged elastic band (CI-NEB) method [65] The hollow circles indicate the vacant oxygen sites.
F. Interactions between small polarons and oxygen vacancy
So far, we treated small polarons (Ce -1polaron) + complex. The binding energy for this process is given by: .
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Assuming the electronic conductivity is given by hopping of small polarons, and that oxygen vacancies are the dominant donors, the activation energy is given by the sum of the small polaron migration barrier and the binding energy of the polaron to the vacancy, which amounts to 0.26 eV in HSE06 and 0.37 eV in DFT+U. These values are in good agreement with experimental data for activation energies which lie in the range 0.22-0.51 eV [66] . We note that our results can be compared to experimental data for CeO 2 containing vacancies in the dilute regime, i.e., where interactions between defects are negligible.
IV. Summary and conclusion
We have investigated small polarons, oxygen vacancies and their interactions in bulk CeO 2 using calculations based on the HSE06 hybrid functional and the DFT+U for comparison. We treat the small polarons and oxygen vacancies as separate entities, departing from the current literature on CeO 2 in which the polaron is often referred to an oxygen-vacancy defect state. We find the polaron formation is an intrinsic property of CeO 2 , and conclude that any shallow donor center that would result in electrons in the conduction band can give rise to polarons. This is an important aspect of the present work and is expected to apply to a much broader class of transition-metal or rare-earth oxides. We provide information on the polaron-related optical absorption that should guide future experiments. Using HSE06, the binding energy between small polarons and oxygen vacancies are computed, and it is predicted to give a sizeable contribution to the electronic activation energy of CeO 2 . From the calculations for quantities such as the gap separating the occupied O 2p band from the unoccupied Ce 4f band, the oxygen vacancy formation energies, and the activation energy for electronic and ionic conductivities, we find HSE06 gives an overall more accurate description compared with experimental values.
